Abstract. In this paper we prove uniqueness of positive solutions to logistic singular problems
Introduction and results
This research originated with the recent paper [10] which contains an exhaustive study of positive solutions u to the logistic problem:
p > 1, λ > 0 a parameter, Ω ⊂ R n a bounded domain and where a ∈ C(Ω ) satisfies a > 0 in a proper subdomain Ω ⊂ Ω ⊂ Ω while a = 0 in Ω \ Ω. It turns out that positive solutions u can only exist when λ 1 (Ω ) < λ < λ 1 (Ω) (λ 1 being the first Dirichlet eigenvalue in the corresponding domain) being unique in that range. Moreover, the solution u λ to (L) satisfies u λ → ∞ uniformly on of Ω \ Ω when λ ↑ λ 1 (Ω) while u λ → u in C 2,α (Ω) as λ ↑ λ 1 (Ω), for certain 0 < α < 1, where u is the minimal solution to the singular boundary value problem,
x ∈ ∂Ω, (P) being λ(x) = λ 1 (Ω) in this precise case. The boundary condition is understood as u(x) → +∞ when d(x) := dist(x, ∂Ω) → 0+. Observe that a > 0 in Ω while a = 0 on ∂Ω.
Our main objectives here are to show the uniqueness of positive solutions to (P) together with producing an exact two-term asymptotic expansion of the solutions u to (P) near the boundary, involving the distance d together with the mean curvature H of ∂Ω. We also analyze a class of perturbations of (P).
Singular boundary value problems such as (P) go back to the pioneering work [5] on automorphic functions and the equation −∆u = −e u in the plane, and were later studied under the general form −∆u = −f (u) in n-dimensional domains in [12] , [18] . The more subtle questions of blow-up rates near ∂Ω and uniqueness of solutions are the goals of more recent literature. The problem −∆u = a(x)e u plus u |∂Ω = +∞ is shown to exhibit a unique solution in a smooth domain Ω together with an estimate of the form u [13] ) and [8] , [9] where the p-Laplacian extension 
allows the possible presence of a second explosive term in the expansion of u when α > 1 (p < 3). An explicit expression for this second term has been recently found in [7] as u = Ad
given as a function of the mean curvature H, provided that 1 < p < 3 (in the radial case this term had been already computed in [4] for all p > 1).
In this paper we will produce sharper results in two directions. First, uniqueness of solutions to (P) and some of its perturbations is achieved by removing the condition a > 0 up to the boundary (uniqueness was obtained in [17] under the assumption a(x) ≥ a 0 > 0 in Ω, however considerably weakening the smoothness of Ω). It should be emphasized that a = 0 on ∂Ω is a natural restriction for a inherited from the logistic problem (L)! Second, we are extending the scope of the expansion u = Ad −α (1 + Bd + o(d)) both to cover the full range p > 1 and the more general nonlinearities in (P) and its perturbations. 
where α = (γ + 2)/(p − 1) and A = (α(α + 1)/C 0 ) 1 p−1 . As a consequence, (P) admits a unique positive solution. In addition, if
as d → 0+, a further estimate of the blow-up rate is available, namely 
Of course, the special case γ = 0 in (1) and (3) falls within the scope of Theorem 1.
b) A special case of estimate (2) with a vanishing at ∂Ω was obtained in [19] . c) Suppose more generally that ∂Ω splits into Γ 1 , Γ 2 , . . . , Γ m connected pieces and consider the problem Consider now the more general class of problems:
where g is of lower order than u p at infinity. Then we have the following results:
locally Lipschitz in Ω × R and it satisfies the growth conditions
lim u→0 g(x, u) u = 0, lim u→+∞ g(x, u) u p = 0 (H) g uniformly in x ∈ Ω, then problem (P) g admits at least a classical solution u ∈ C 2,α (
Ω). If a(x) vanishes on ∂Ω and verifies (1), then estimate (2) holds for every possible solution to (P) g . If, in addition, g is continuously differentiable with respect to
Remark 2. a) The Lipschitz condition on g can be relaxed to continuity if only strong or weak solutions instead of classical solutions are considered. b) When λ(x) > 0 in Ω, precise estimates on the size of |a| ∞ in order to get uniqueness can be given solely in terms of g and the geometry of Ω (see section 4). c) If a verifies (3) and g, together with its derivatives with respect to u up to order three, satisfies suitable growth conditions, then every solution to (P) g admits in addition the asymptotic expansion (4).
d) The conclusions of Theorem 2 hold for the kind of perturbed equations
Otherwise the problem could fall in the superlinear regime where even the existence of solutions may be lost.
The next sections are dedicated to the proof of Theorems 1 and 2. Section 2 is concerned with existence and uniqueness of (P). Estimate (4) is obtained in section 3 while the analysis of the perturbed problem (P) g is carried out in section 4.
Existence and uniqueness
Proof of the existence of solutions. Firstly, it should be remarked that positive solutions to the finite problem
are unique as a consequence of the general result in [6] . Now choose δ > 0 such that p > 1 + δ, and consider the problem
Since 0 is a subsolution and n is a supersolution for n large, (P) n admits a solution u n ∈ C 2,α (Ω) with u n ≤ n, which as quoted before is unique. Using [6] , it can be shown that {u n } n is increasing. Our purpose is to pass to the limit as n → ∞ in (P) n .
The validity of the following lemma (cf. [10] ) is the key to guaranteeing the existence of the limit.
Lemma 3. Let B ⊂ R
n be an arbitrary ball and consider the problem Let us finish the proof of the existence assertion. If u n is the solution to (P)
Since u n ≤ n in B, we obtain u n < u n,B < u B in B, where u n,B is as in Lemma 3. This together with the monotonicity of {u n } leads to u n → u, u ∈ L ∞ loc (Ω). By elliptic estimates and a standard bootstrapping argument we achieve u n → u in C 2,α (Ω). To prove the minimal character of u, let u be an arbitrary solution to (P). Since u ≥ n near ∂Ω, for every positive integer n, an inner approximation argument leads to u ≥ u n , and consequently u ≥ u, as was to be proved.
The existence of a maximal solution follows a similar reasoning.
The following result is especially useful when dealing with the perturbed problem (P) g . The proof, which is omitted for brevity, is carried out by applying the suband supersolutions method to problem (P) in domains {x ∈ Ω : d(x) > 1/n}, and doing n → ∞ through a diagonal process.
Lemma 4. Let v, w ∈
Remark 3. The features described in Lemma 4 also hold for the extended problem introduced in Remark 1 c).
Proof of estimate (2). We are only assuming that a verifies hypothesis (1). Fix
it is easy to prove that u
which is in turn implied by the choice of
p near ∂Ω, therefore defining a local subsolution to (P) there.
Let us proceed now to estimate the blow-up rate of an arbitrary solution u to (P), under the form (2).
Let us ascertain under which conditions u + + K turns out to be a supersolution near ∂Ω.
, with λ + = max{λ, 0}. Taking into account that
On the other hand, fix 0 < τ < δ * 4 and introduce the region
where the functions involved have been expressed in local coordinates (d, s).
Moreover, this fact is uniformly valid, no matter what the value of τ is.
Thus, for every τ
with u an arbitrary fixed solution to (P), provided that K > 0 is chosen so that
In addition, the auxiliary problem (7) has v = u as its unique solution. Since v − = 0 is a subsolution, we conclude
, and we obtain
In what follows we will obtain the complementary estimate to (8) . With an argument similar to the previous one, we conclude u ≥ θu
Our next objective is finding δ > 0 small enough, τ 0 = τ 0 (δ) and a constant
for d = δ and every 0 < τ < τ 0 (δ). Inequality (9) is implied by u
. By virtue of the decreasing character of u − with d, this last inequality is a consequence of
for 0 < d + τ < δ + τ 0 (δ) = (1 + ζ)δ if τ 0 (δ) = ζδ is chosen for some fixed ζ ∈ (0, 1). For the validity of (10) it is enough to have
We therefore obtain that
and letting τ → 0+ we arrive at
which completes the proof of (2).
Proof of uniqueness. Now let u and v be positive solutions to (P). By virtue of (2), u and v satisfy lim d(x)→0+ u(x)/v(x) = 1. Thus, for every ε > 0, we can find δ > 0 (as small as we please) such that 
where Ω δ = {0 < d(x) < δ}. The unique solution to this problem is w = u. (11) is true in Ω. Letting ε → 0+ we arrive at u = v.
Estimates for the second term
We will now obtain estimate (4), and so we henceforth assume that the function a verifies (3).
In this case, with an argument similar to the one used to show estimate (2), we can obtain for every ε > 0 a pair of sub-and supersolutions of the form
where
by (5). It is worthy of mention to say that ∆d(x) → −(n − 1)H(s) when d(x) → 0+, where H(s)
is the mean curvature of ∂Ω at s (cf. [11] ).
Moreover, u + + K and u − − K(δ) are still sub-and supersolutions with a convenient choice of K and K(δ). However, this only leads to estimate (4) in the case α > 1, that is, for p < γ + 3. This is why we need an alternative procedure for the complementary range p ≥ γ + 3. The following reasoning is indeed valid if p ≥ 2.
We are looking for a constant K > 0 such that
This inequality, together with −∆u 
If u is an arbitrary solution to (P) and we take K to have v + ≥ u in d = δ, we obtain, with an argument similar to the one used in section 2, that v
The lower estimate is not obtained in a completely similar way. We are now bound to find K so that
and we will get that v
It is easy to prove that θu is a supersolution to (13) if θ is large. Since uniqueness holds for problem (13) (Remark 1 c) Letting ε → 0, we obtain lim u/Ad −α ≤ 1. The lower estimate is performed in a similar way. Thus (2) On the other hand, problem (P) can be estimated from below by the one-dimensional version of (6) on intervals (−R, R), with 2R ≥ L Ω , L Ω being the minimum distance between parallel hyperplanes enclosing Ω (see [10] for more details). Hence, from Lemma 3 we have the estimate
Thus if |a| ∞ is small enough we have that all positive solutions u to (P) g fall within the range where u p−1 +g(x, u)/u is increasing. The proof of uniqueness then follows word-for-word the one given in section 2.
Finally let us show the claim. If λ(x) > 0 in Ω, direct checking reveals that c can be chosen as any positive value such that u p−1 + g(x, u)/u < inf Ω (λ/a) for x ∈ Ω and 0 ≤ u ≤ c. In this case, (14) shows that uniqueness holds provided that
Ω |a| ∞ is small. In the case where λ(x) changes sign, the argument in Lemma 3.2 of [10] leads to the desired lower estimate for solutions to (P) g .
